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A modified quantum kinetic equation which takes account of the noninertial features of rotat-
ing frame is proposed. The vector and axial-vector field components of the Wigner function for
chiral fluids are worked out in a semiclassical scheme. It is demonstrated that the chiral currents
and energy-momentum tensor computed by means of them are consistent with the hydrodynam-
ical results. A new semiclassical covariant chiral transport equation is established by inspecting
the equations satisfied by the chiral vector fields. It uniquely provides a new three-dimensional
semiclassical chiral kinetic theory possessing a Coriolis force term. The particle number and cur-
rent densities deduced from this transport equation satisfy the anomalous continuity equation and
generate the magnetic and vortical effects correctly.
I. INTRODUCTION
Chiral fermions appear in different sorts of physi-
cal systems like heavy-ion collisions [1, 2], electroweak
plasma in early Universe [3–5] and Weyl semimetals in
condensed matter physics [6–8]. In these systems collec-
tive dynamical properties are affected by chiral anomalies
which yield the chiral magnetic effect [1, 2, 9], the chiral
separation effect [10, 11], the chiral vortical effect [12]
and the local (spin) polarization effect [13–15]. The lat-
ter two are due to the rotation of reference frame. Chiral
particles have been studied within the relativistic hydro-
dynamical approach in [12, 16–18]. Dynamics of rela-
tivistic fluids can also be investigated by means of the
quantum kinetic equation (QKE)
γµ
(
pµ +
i~
2
∇µ
)
W (x, p) = 0, (1)
derived from the Dirac equation coupled to electromag-
netic fields [19, 20], in the phase space described by the
position and momentum four-vectors xµ, pµ. We consider
a constant electromagnetic field strength Fµν , so that
∇µ = ∂µ − QFµν∂pν , where ∂µ ≡ ∂/∂xµ, ∂pµ ≡ ∂/∂pµ.
W (x, p) is the Wigner function for spin-1/2 fermions
which can be decomposed in terms of sixteen indepen-
dent generators of the Clifford algebra whose coefficients
are scalar, pseudoscalar, vector, axial-vector and ten-
sor fields. When fermions are massless the vector and
axial-vector fields satisfy a set of coupled equations. In
[15] chiral vector fields were established semiclassically
by considering the chiral fluid in the vicinity of local
equilibrium. Thus, xµ dependence of the fields is due
to the fluid four-velocity uµ(x). Then the derivatives of
fields generate terms depending on the fluid vorticity
ωµ = (1/2)ǫµναρuν∂αuρ.
QKE may also be employed to designate relativistic
semiclassical chiral kinetic theory (CKT). Kinetic the-
ory, needless to say, is essential to study the dynamics
of chiral quark plasma. We consider only collisionless ki-
netic theories. There are mainly two different Lorentz
covariant approaches which employ QKE: In [21] CKT
was established by acting ∇µ on the vector and axial-
vector fields derived in [15] where the momentum depen-
dence of distribution function is only due to the compo-
nent parallel to uµ, namely u · p. The vorticity depen-
dent terms acquired in [21] do not lead the desired cur-
rents and energy-momentum tensor. To surmount this
difficulty one should add some terms to the time evo-
lutions of phase space variables [22]. Moreover, in this
method three-dimensional (3D) semiclassical CKT is not
uniquely determined. The other relativistic approach
[23, 24] is based on the chiral vector fields computed
perturbatively within the quantum field theory. These
can also be deduced from (1) by studying its solution in
a frame moving with the velocity nµ [25]. A covariant
CKT is provided by acting ∇µ on them. Unfortunately,
3D limit of this relativistic equation for nonvanishing vor-
ticity has not been discussed. Different from these, there
is a worldline formalism approach to CKT [26].
In [27] it was claimed that the vorticity appearing in
the hydrodynamical approach matches the angular ve-
locity of the fluids in the comoving frame. In fact, they
acquired the chiral vortical effect in 3D from the chiral
magnetic effect by substituting magnetic field with an-
gular velocity times energy suggested by the similarity of
the Coriolis and Lorentz forces. This statement inspired
the explicitly spatial coordinate dependent 3D semiclas-
sical kinetic theory formulation of fermions presented in
[28]. In this method the Coriolis force appears in con-
trary to the formulations of [21, 24, 25] based on QKE.
Here we follow a different route. The QKE derived
from the Dirac equation including electromagnetic inter-
actions is frame independent. In the absence of back-
ground fields it cannot yield a transport equation (TE)
possessing terms which can be interpreted as force, so
that non-inertial forces like the Coriolis force do not ap-
pear. We propose a modification of (1) by making use
of enthalpy current, such that the modified QKE suits
well with the noninertial properties of the frame. Al-
though, the modified QKE is valid for fermions either
massive or massless, we only deal with chiral fluids. We
first present the set of equations for chiral vector fields
and discuss their semiclassical solutions by a general dis-
tribution function. To ensure the consistency of the mod-
ified QKE we present its solution for chiral vector fields
2in the comoving frame of fluid by choosing a specific dis-
tribution function and show that they lead to the correct
vector, axial-vector currents and energy-momentum ten-
sor. Then by employing the chiral vector fields written in
terms of general distribution function, a covariant chiral
transport equation (CTE) is established in the comoving
frame of the fluid. Procedure of deriving the 3D limit of
a four-dimensional TE by integrating it over p0 is clari-
fied and applied to the covariant CTE. We showed that
a unique 3D CKT follows. The phase space measure, ve-
locity and force imposed by this new CKT generate the
desired continuity equations, magnetic effects, vortical
effects as well as the Coriolis force. Our results demon-
strate that the modified QKE is reliable and the proposed
modification is essential to satisfactorily address the non-
inertial features of the rotating frame.
II. MODIFIED QUANTUM KINETIC
EQUATION
The fluid four-velocity uµ = dxµ/dτ, is defined by the
proper time τ, so that it satisfies uµu
µ = 1. The metric
tensor is gµν = diag(1,−1,−1,−1). One can split a four-
vector yµ in directions parallel and perpendicular to uµ as
yµ = y0uµ+ y¯µ, where y0 ≡ y ·u and y¯µ ≡ (gµν−uµuν)yν .
The (non)inertial properties of relativistic vorticity are
provided by the circulation tensor [29]
Wµν = ∂µWν − ∂νWµ,
where Wµ = huµ is the enthalpy current given in terms
of the internal energy (enthalpy) h = p · u. For fluids
which are not subject to acceleration aµ = uν∂
νuµ = 0,
the circulation tensor can be expressed as
Wµν = 2hΩµν + (∂µh)uν − (∂νh)uµ,
where Ωµν =
1
2 (∂µuν − ∂νuµ) is the (kinematic) vortic-
ity tensor. Observe that the force acting on a fluid ele-
ment imposed by (1) is characterized by the coefficient
of the derivative with respect to momentum four-vector
and there is an apparent resemblance between Fµν and
Wµν . Hence, to take into account the noninertial forces
one is tempted to modify (1) by adding a term propor-
tional to Wµν∂pν to ∇µ. However in the rest frame of
massive particles where h is constant, the Coriolis force
should vanish. Therefore, we add (Wµν − 2hΩµν) ∂pν to
∇µ to take into account the noninertial forces. Gener-
alizing this consideration to a frame moving with the
four-velocity nµ, satisfying nµn
µ = 1, we define
∇˜µ(n) ≡ ∂µx − [QFµν + (∂µnα)pαnν − (∂νnα)pαnµ] ∂pν .
Therefore, for a constant field strength Fµν we propose
γµ(p
µ +
i~
2
∇˜µ(n))W (x, p) = 0, (2)
as the QKE in the rotating frame of reference.
There are similarities between the proposed modifica-
tion and shifting gauge fields [30, 31] to deal with mov-
ing medium. Our approach resembles the effective field
theory formalism given in [30] where the gauge field is
shifted by the fluid velocity multiplied by chemical poten-
tial. However, treating the enthalpy current as a gauge
field does not yield the desired modification. Even if
one can introduce a gauge field like function to generate
the modification, it should be proportional to internal
energy which depends on momentum. This would cre-
ate problems in Lagrange formulation defined in terms
of spacetime coordinates and derivatives with respect to
them.
We are interested in the chiral vector fields
J µ
χ
=
1
2
(Vµ + χAµ),
constructed by the vector and axial-vector field compo-
nents Vµ and Aµ of W (x, p). They correspond to the
right-handed χ = 1, and left-handed χ = −1, fermions.
The modified QKE (2), yields the following set of equa-
tions
pµJ µχ = 0, (3)
∇˜µ(n)Jχµ = 0, (4)
~ǫµναρ∇˜α(n)J ρχ = −2χ(pµJχν − pνJχµ), (5)
which are decoupled from the other components.
III. SEMICLASSICAL APPROXIMATION
To study solutions of (3)-(5) we expand J µ
χ
in ~ and
keep the zeroth- and first-order terms [15]: J µ
χ
= J (0)µ
χ
+
~J (1)µ
χ
. The zeroth-order solution of (3) and (5) is
J (0)µ
χ
= pµδ(p2)f0
χ
. (6)
f0
χ
is a general distribution function which can be decom-
posed into the particle and antiparticle parts, s = ±1, as
f0
χ
=
∑
s=±1 θ(sn · p)f0s,χ(x, p).
At the ~-order (3) and (5) lead to
pµJ (1)
χµ = 0, (7)
ǫµναρ∇˜(n)αJ (0)χρ = −2χ[pµJ (1)νχ − pνJ (1)µχ ]. (8)
The general form of J (1)χµ satisfying (7) and (8) is
J (1)µ
χ
= pµf1
χ
δ(p2) +
1
2
χQǫµναβFαβpνf
0
χ
δ′(p2)
+ χǫµναρpν(∂αnβ)p
βnρf
0
χ
δ′(p2) +Kµ, (9)
where δ′(p2) = −δ(p2)/p2 and f1
χ
is a general function
which can be considered as the first-order part of the
distribution function: fχ ≡ f0χ + ~f1χ . Inspired by the
results of [23–25] we obtain Kµ satisfying (7) and (8) as
Kµ = Sµν(n)(∇˜(n)νf0χ )δ(p2),
3where
Sµν(n) =
χ
2n · pǫ
µνρσpρnσ
corresponds to spin. Distribution function should be cho-
sen consistently to satisfy the remaining equation (4).
This will lead to the definition of covariant semiclassical
chiral equation. However, let us first demonstrate that
there exists a solution of (3)-(5) yielding results which
are consistent with the ones existing in the literature.
IV. FERMI-DIRAC DISTRIBUTION
We would like to present a specific solution in the co-
moving frame of the fluid nµ = uµ, by choosing the dis-
tribution function f0
χ
as in [15]:
fFD
χ
=
2
(2π~)3
∑
s=±1
θ(sn · p)
es(u·p−µχ)/T + 1
· (10)
The chemical potentials of chiral particles µχ, are given in
terms of the total and chiral chemical potentials as µR,L =
µ ± µ5. Note that one ignores the derivatives of theta
functions which yield vanishing contribution when one
performs four-momentum integrals to calculate physical
quantities [15]. J FD(0)µ
χ
= pµδ(p2)fFD
χ
satisfies (4) for
constant temperature T, by letting
∂αµ = −QEα, ∂αµ5 = 0, ∂µuν = −∂νuµ. (11)
Eµ = Fµνu
ν is the electric field. The magnetic field is
Bµ = (1/2)ǫµναρu
νFαρ. By substituting fχ with (10) in
(9) we get
J FDµ
χ
= [pµδ(p2) + ~χQpν(uνB
µ −Bνuµ)δ′(p2)
+~χp · upν(uνωµ − ωνuµ)δ′(p2) + ~χ(ω · p)pµδ′(p2)
+~χωµδ(p2) + ~χQǫµναβpνEαuβδ
′(p2)]fFD
χ
. (12)
The vorticity tensor is expressed in terms of the fluid vor-
ticity ωµ as Ωµν = ǫµναρuαωρ. One can explicitly show
that (∇˜µ ≡ ∇˜µ(u))
∇˜µJ FD
χµ = 0,
is satisfied. We made use of (11) and ∂µF˜µν = 0 where
F˜µν = (1/2)ǫµναρF
αρ, which can be expressed as F˜µν =
Bµuν −Bνuµ + ǫµναβEαuβ .
Although the electric field and magnetic field depen-
dent terms of (12) are the same with the ones obtained
in [15], the vorticity dependent terms are different as
it would be expected. However, both should yield the
same currents and energy momentum tensor. We will
demonstrate their equivalence by calculating the currents
and energy-momentum tensor resulting from the solution
(12).
The vector and axial-vector currents are defined by
jµ =
∫
d4p Vµ, jµ5 =
∫
d4p Aµ. (13)
By substituting Vµ and Aµ with
Vµ =
∑
χ
J FDµ
χ
, Aµ =
∑
χ
χJ FDµ
χ
, (14)
we obtain
jµ = nuµ + ξBB
µ + ξωµ, (15)
jµ5 = n5u
µ + ξB5B
µ + ξ5ω
µ. (16)
The total and axial number densities are acquired as
n =
µ
3π2~3
(µ2 + 3µ25 + π
2T 2),
n5 =
µ5
3π2~3
(3µ2 + µ25 + π
2T 2).
The chiral magnetic and chiral separation effects are
given, respectively, by the second terms of (15) and (16),
where the coefficients are calculated as
ξB =
Qµ5
2π2~2
, ξB5 =
Qµ
2π2~2
.
Similarly, vorticity yields the chiral vortical and local po-
larization effects generated by the last terms in (15) and
(16), with
ξ =
µµ5
π2~2
, ξ5 =
T 2
6~2
+
µ2 + µ5
2
2π2~2
.
The energy-momentum tensor T µν is defined through
the vector field Vµ and four-momentum pµ as
T µν =
1
2
∫
d4p (pµ Vν + pν Vµ).
By substituting Vµ with (14) and performing the mo-
mentum integrals one acquires
T µν = εuµuν + P (uµuν − gµν) + n5(uµων + uνωµ)
+
Qξ
2
(uµBν + uνBµ).
Pressure is P = ε/3 and the energy density is computed
as
ε =
1
2π2
(
7π2T 4
30
+ π2T 2(µ2 + µ25) + 3µ
2µ25 −
µ4 + µ45
2
)
.
By employing (11) one can show that the continuity
equations are consistent with the chiral anomaly ∂µj
µ =
0, ∂µj
µ
5 = −(Q2/2π2)E·B.Moreover, energy-momentum
conservation can be established as ∂µT
µν = QF ναjα.
All the results obtained by employing the solution (12)
coincide with the ones presented in [15]. Therefore we can
conclude that the modified chiral QKE is consistent with
the results established in relativistic hydrodynamics.
4V. CHIRAL TRANSPORT EQUATIONS
We can now proceed to formulate the covariant semi-
classical CTE from (6) and (9), by working in the comov-
ing frame of fluid by setting nµ = uµ. Chiral vector fields
are defined by the set of equations (3)-(5). However, (6)
and (9) satisfy only two of them. The remaining equation
(4), yields
∇˜µJ µχ = δ
(
p2 + ~χQ
uµF˜
µνpν
u · p
)
{p · ∇˜
+
~χQ
u · p S
µνEµ∇˜ν − ~χ
u · ppµΩ˜
µν∇˜ν
+
~χ
u · p (Ω˜
µνpµuν)Ω
σρpρ∂
(p)
σ }fχ = 0.
We defined Ω˜µν =
1
2ǫµναρΩ
αρ and Sµν ≡ Sµν(u). Observe
that in (9) there is a freedom in choosing f1
χ
, which per-
mits us to redefine it as
f1χ ⇒ χ
SµνΩµν
u · p f
0
χ
+ f1χ.
The first term is similar to the rotation dependent part of
the frame independent equilibrium distribution function
given in [32]. Although this choice is essential to acquire
a well-defined 3D limit, it does not violate the uniqueness
of the 3D limit. A simple dimensional analysis show that
another term which is linear in vorticity and f0
χ
does not
exist. Therefore we define the covariant CTE as
δ
(
p2 + ~χQ
uµF˜
µνpν
u · p
)
{p · ∇˜
(
1 + ~χ
SµνΩµν
u · p
)
+
~χQ
u · p S
µνEµ∇˜ν − ~χ
u · ppµΩ˜
µν∇˜ν
+
~χ
u · p(Ω˜
µνpµuν)Ω
σρpρ∂
(p)
σ }fχ = 0. (17)
To ensure its covariance (frame independence) the dis-
tribution function fχ = f
0
χ
+ ~f1χ should be chosen to
transform appropriately [23–25, 32]. The main difference
between the CTE obtained in [24, 25] and (17) lies in the
vorticity dependent terms. Obviously another dissimilar-
ity is the fact that (17) is defined in the comoving frame
of fluid in contrary to the CTE of [24, 25] which was
claimed to be valid in any frame with velocity nµ. The
electromagnetic field dependent terms and the mass-shell
condition coincide by substituting ∇˜µ with ∇µ.
A method of obtaining the 3D TE which is correlative
to a four-dimensional TE is to integrate the latter over
p0 [33, 34]. However, integrating four-dimensional TE
naively over p0 does not always yield a well-defined 3D
equation. This goal can be achieved if the coefficients of
∂fχ/∂p
µ integrated over p0 permit writing
p˙
[
∂fχ(x, p)
∂p
]
p0=E
+ p˙ · ∂E
∂p
[
∂fχ(x, p)
∂p0
]
p0=E
= p˙
∂fχ(t,x, E ,p)
∂p
, (18)
where E will be dictated by the delta function of the rel-
ativistic equation. It is worth noting that physical quan-
tities are defined in terms of integrals over momentum
variables both in four- and three-dimensions, so that it
is sufficient to relate the transport equations as∫
d4p{4D TE} =
∫
d3p{3D TE}.
We will integrate (17) over p0 in the frame: u
µ = (1,0)
and ωµ = (0,ω). It is possible to satisfy (18) by setting∫
d4p δ(p2)
{
E · ω
(
f0
χ
p0
− 1
2
∂f0
χ
∂p0
)
+
ω · pE · p
p20
(
2f0
χ
p0
− 1
2
∂f0
χ
∂p0
)}
= 0.
One can show that this condition is fulfilled for f0
χ
= fFD
χ
,
which is the natural choice for fermions. Then we
can conclude that
∫
d4p{(17)} = ∫ d3p{ 3D CTE} = 0,
where vanishing of the latter integrand leads to the fol-
lowing 3D CTE,
(√
η
χ
s
∂
∂t
+ (
√
ηx˙)χs ·
∂
∂x
+ (
√
ηp˙)χs ·
∂
∂p
)
feq
χ,s(t,x,p) = 0,
with
√
η
χ
s = 1+ ~sQχbs ·B, (19)
(
√
ηx˙)χs = v
χ
s + ~χ(pˆ · bs)(sQB + 2Eχsω)
+~sQχE × bs − 2~χ(ω · bs)p, (20)
(
√
ηp˙)χs = sQE + sQv
χ
s ×B + vχs × Eχsω
+~χQ2bs(E ·B)− 2~χ(ω · bs)p× Eχsω
−2~sQχ(ω · bs)p×B. (21)
We introduced the Berry curvature bs = sp/2|p|3. Dis-
persion relation and the canonical velocity are
Eχs = |p|(1− ~sQχbs ·B), (22)
vχs =
∂Eχs
∂p
= pˆ(1 + 2~sQχbs ·B)− ~sQχbsB.
The third term of (21) is the Coriolis force. It is one half
of the force that one naively expects to find by substi-
tuting mass with Eχs in the classical Coriolis force of a
massive particle.
The 3D formalism of [28] is different from (19)-(22).
One of the main differences is in the dispersion relation:
(22) does not possess a vorticity dependent term in con-
trary to the one given in [27], [28]. Although the vor-
ticity dependent dispersion relation can be generated by
shifting p in (22), it is an open question if the current for-
malism and the one given in [28] are related by a phase
space coordinate transformation as it is discussed in [35].
By making use of (19) and (20) we can define the chiral
particle (antiparticle) number and current densities as
nχs =
∫
[dp](
√
η)χsf
eq,s
χ
, (23)
jχs =
∫
[dp](
√
ηx˙)χsf
eq,s
χ
+∇×
∫
[dp]Eχs bχsfeq,sχ , (24)
5where [dp] = d3p/(2π~)3. One can easily observe that
they satisfy the continuity equation
∂nχs
∂t
+∇ · jχs =
χQ2
(2π~)2
E ·B feq,s
χ
|p=0.
The equilibrium partition function of a rotating fluid [32]
in the frame which we integrated (17) is
feq,s
χ
=
1
e(E
χ
s −sµχ−~sχpˆ·ω/2)/T + 1
.
By employing it one can show that the current (24) yields
the chiral magnetic and the chiral separation effects
jCME
V
= ξBB, j
CSE
A
= ξB5B, the chiral vortical and the
local (spin) polarization effects jCV E
V
= ξω, jLPE
A
= ξ5ω.
They are consistent with (15) and (16).
VI. CONCLUSIONS
QKE for fermions is modified to take into consider-
ation the non-inertial properties of the rotating coordi-
nate frame. We have constructed its solution for chiral
fermions by choosing the distribution function as Fermi-
Dirac and calculated the vector, axial-vector currents and
energy momentum tensor. We showed that they are con-
sistent with the hydrodynamical approach which is a nec-
essary condition for being an acceptable theory. We de-
fined a new 4D CTE. We established its 3D limit which
is shown to yield correct anomalous effects as well as con-
tinuity equation for number and current densities. It is
a new CKT which is not explicitly coordinate dependent
and accommodates the Coriolis force. Various physical
systems can be studied within these covariant and 3D
transport equations. For example they are extremely
useful in investigating the nonlinear transport proper-
ties of chiral plasma (see [36] and the references therein).
Incorporating collisions into the covariant CKT can be
addressed by the methods developed in [23, 24, 32]. An
important aspect of the modified QKE which is left to
future studies is to explore its field theoretical origins.
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